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We have studied the partially spin polarized fractional quantum Hall states using Chern Simon’s
theory and plasma picture proposed by Halperin. Using these theoretical techniques we have tried
to find the stable polarized states of different filling fractions observed in experiments. We have
calculated the ground state energies of those states and also pair correlation function. We have
described the nature of the states by the behavior of this quantity. In our study, we have seen
that the partially polarized states, which do not fit with Jain’s composite fermion description are
basically the mixed state of up-spin liquid phase and down-spin solid phase.
The fractional quantum Hall effect (FQHE)[1] is ba-
sically the problem of interacting electrons in two-
dimensional electron gas (2DEG) in the presence of
a strong perpendicular magnetic field. The well estab-
lished Composite Fermion (CF) theory[2, 3] is based
on the principle that, in a range of filling factors,
each electron in the lowest Landau level (LL) cap-
tures an even number of quantum mechanical vor-
tices to the many-particle wave function. The bound
state of an electron and vortices behaves the same
as a single particle, called the composite fermion[2],
which experiences a reduced amount of magnetic field
B∗ = B ± 2pρφ0, where 2p is an even integer number
of flux attachment with each electron, B is external
magnetic field, ρ is the electron (CF) density, and φ0
is the flux quantum. CF’s form their own Landau-like
kinetic energy levels in this reduced magnetic field,
called Λ levels, and their filling factor ν∗ is related
to the electron filling factor ν through the relation,
ν = ν
∗
2pν∗±1 . In particular, at ν =
n
2pn±1 , the ground
state consists of n filled Λ levels. CF theory explains
the FQHE states in details qualitatively. Collective
excitation of almost all the filling fraction in the Jain
series of positive flux attachment states has been stud-
ied earlier[4, 5].
In strong magnetic field, spin degree of freedom
of electron gets frozen in the direction of the mag-
netic field. Thus, we obtain fully polarized quan-
tum Hall (QH) states. Partially polarized QH states
are found in the experiments[6–9] for relatively small
tilted magnetic field, in which the Zeeman splitting
energy is small compared to cyclotron energy. Landau
level mixing plays an important role in spin polarized
FQHS[10], which breaks the particle-hole symmetry.
Exact diagonalization[11] method has been used to
study the partially polarized states using small number
of particles with thermodynamic extrapolation[12]. S.
Mandal and Ravishankar proposed a global doublet
model[13] and described many body wave function
for arbitrary polarized QH states. The most success-
ful theory to explain the partially polarized states of
FQHE is the CF theory[14].
In CF picture, the FQHE of filling fraction ν =
n
2pn±1 maps into non-interacting n (integer)-number
of filled CF Λ-levels, out of that n↑(n↓) be the number
of occupied spin-up (spin-down) CF Landau bands,
then the total number of filled Λ-levels n = n↑ + n↓,
so that the measure of polarization of the state will be
γ = n↑−n↓
n↑+n↓
[14]. In this picture we have some limited
number of precisely defined polarized states. In FIG.
1 we have explicitly explained the CF polarized states
for the filling fraction ν = 2/3 and 2/5. Panel (A) of
this figure represents the fully polarized state, in which
only spin-up Λ levels are occupied, unpolarized state
is represented in the panel (B), where one spin-up and
one spin-down Λ level filled.
Kukushkin, Klitzing and others[15] measured
magnetic field dependencies of the electron spin
polarization for various filling fractions (ν =
2/3, 3/5, 4/7, 2/5, 3/7, 4/9). Beside the CF polarized
states, they observed some specific polarized states
which are not explained by the CF picture. The par-
tially polarized states of 2/5 filling fraction has been
addressed by Ganpathy Murthy[16] as Hofstadter but-
terfly problem of charge density wave states of par-
tially filled CF Landau levels (panel (C) of FIG. 1).
There is an exact-diagonalization calculation[17, 18]
for limited number of particles on sphere and torus ge-
ometry suggesting anti-ferromagnetic ordered states of
γ = 1/2 at 2/5 and 2/3 filling fractions, also they have
demanded a calculation on the large number of par-
ticles to understand the occurrence and incompress-
ibility of states. The multi-flavoured CF picture, Λ
levels within Λ level, has been applied on the partially
poarized Hall states outside Jain series[19], though we
do not have any clear understanding of attaching dif-
ferent number of flux quanta with the same kind of
electrons. In this article we have tried to explain par-
tially polarized states using Chern-Simon’s (CS) the-
ory and Plasma (PL) picture.
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FIG. 1: In each block left panel represents up-spin Λ-level,
and right panel represents the down-spin Λ-level. Solid dot
with arrow lines represents a CF, electron (solid dot) with
even number of magnetic flux attachment(arrow lines). The
FQHE filling fraction of electron ν = 2/5(2/3) maps into
n = 2 filled Λ level (CF Landau level). (A) Fully polar-
ized state, two spin-up Λ-levels are filled. (B) Unpolarized
state, one spin-up Λ-level filled and one spin-down λ-level
filled. (C) Partially polarized Murthy’s density wave state
one spin-up Λ-level filled and one spin-up Λ-level + one spin-
down λ-level half filled. (D) partially polarized state, one
spin-up Λ-level filled and one spin-down λ-level filled, but
the density of states for the up-spin Λ-level and spin-down
λ-level are different in such a way that γ = 1/2.
COMPOSITE FERMION-CHERN SIMON’S
THEORY
CF is a topological quantity since, they attach quan-
tized vortices with them. The vortices bound to
them produce Berry phases, that partly cancel the
Aharonov-Bohm phase due to the external magnetic
field. By an unitary transformation, so called CS
transformation [20] to the electron field operators leads
to a topological vector field −→a α, here α represent spin
indices (↑ and ↓). The corresponding CS field is given
by,
bα = 1/e
−→∇ ×−→a α = φ0 Kαβ ρβ (1)
here, Kαβ is the two dimensional coupling matrix, ρβ
is the density of electron in the β spin segment, here
summation convention has been used. Each species of
CS-CF (the quasi-particle under CS transformation)
will experience different effective magnetic field. The
relation between these mean effective fields and the
total applied physical field B is given by
B∗α = B − φ0 Kαβ ρβ (2)
In the magnetic flux attachment picture, we can ex-
plain this as an up-spin electron captures K11 flux
quantum of magnetic field, whereas a down-spin elec-
tron capturesK22 number of flux quantum of magnetic
field, and an up-spin electron feels that a down-spin
electron is attached with K12 number of flux quantum
of magnetic field. So K11 and K22 must be even in-
tegers, otherwise we shall lose the Fermionic nature.
A special case if we set all the elements equal i.e.
K11 = K22 = K12 = K21, the state becomes Jain’s
CF state.
The spin-dependent effective magnetic field creates
different set of effective Landau levels with different
degeneracy in different spin segment (panel (D) of
FIG. 1) as degeneracy is proportional to the magnetic
filed. Denoting n↑, n↓ as the number of completely
filled effective Landau levels (Λ levels) by the spin-
up and spin-down species of CS-CFs, one obtains the
relation from equation (2),
ρα
nα
=
ρ
ν
−Kαβ ρβ (3)
The polarization is γ = (ρ↑−ρ↓)
ρ
and total density is
ρ = ρ↑ + ρ↓
We have studied Chern-Simon’s wave function
(k1, k2, n) for the SU(2) case, which is described by
the exponent matrix[21]
KSU(2) =
[
2k1 n
n 2k2
]
where k’s and n’s are positive integers.
Eliminating all ρ′s from equation (3), we find out
relation between k1, k2, n with polarization and total
filling factor ν given below,
1 + γ
n↑
=
2
ν
− 2k1(1 + γ)− n(1− γ) (4)
1− γ
n↓
=
2
ν
− 2k2(1− γ)− n(1 + γ) (5)
The different combination of the parameters (k1, k2,
n) and number of filled Λ levels (n↑ and n↓) give us
different polarized states of a particular filling fraction
ν.
Wave Function: We have considered N number
of electrons moving on a spherical surface [22, 23] in
presence of radial magnetic field of total flux 2Qφ0
created by a Dirac monopole at the center of sphere
with monopole strength Q. The radius of the sphere
is R =
√
Q, in units of magnetic length l =
√
~c/eB.
The effective magnetic flux experience by the compos-
ite particles can be expressed from equation (2) as
2qα = 2Q−
∑
β
(Nβ − δαβ)Kαβ (6)
⇒ Q = 1
4
(∑
2qα +
∑
2kα(Nα − 1) + nN
)
=
1
4
(2q1 + 2q2 + 2k1(N1 − 1) + 2k2(N2 − 1) + nN)
3The above relation is very important to set the ra-
dius of the spherical surface. Here, N1(N2) is the num-
ber of spin up (down) electrons. The variational wave
function for the state is proposed by S. Mandal and
coworker[21] and is given by
Ψk1,k2,n = PLΦn↑(Ω(1)1 , · · · ,Ω(1)N1)Φn↓(Ω
(2)
1 , · · · ,Ω(2)N2)
×J11 J22 J12
where Φn↑ is the Slater determinant of n↑ filled CFs
Λ level , Ω
(i)
1 , · · ·Ω(i)N are the positions of CFs on the
spherical surface, upper index indicate the different
species of CFs and the Jastrow factor is given by,
J12 =
N1,N2∏
i,j
(u
(1)
i v
(2)
j − u(2)j v(1)i )n
Jαα =
Nα∏
i<j
(u
(α)
i v
(α)
j − u(α)j v(α)i )2kα
where the spinor variables are ui =
cos(θi/2)exp(−iφi/2) and vi = sin(θi/2)exp(iφi/2)
with 0 ≤ θi ≤ π and 0 ≤ φi ≤ 2π. PL is the lowest
Landau level projection operator[5, 24].
The ground state energy of N number of particles in
this configuration is given by
Eg =
< Ψk1,k2,n|V |Ψk1,k2,n >
< Ψk1,k2,n|Ψk1,k2,n >
− N
2
2R
(7)
Here, V =
∑
i<j
e2
ri,j
is the coulomb interaction, where
ri,j is the inter-electronic distance. Second term is
the interaction of electrons with uniform positive back-
ground. We have used quantum Monte Carlo method
to evaluate the many body integration. We have mul-
tiplied an additional factor
√
2Qν/N to the energy to
compensate finite size effect.
PLASMA PICTURE
According to Halperin’s formalism [25], the wave
function for two-component QH-system considering
spin degrees of freedom can be represented by Laugh-
line type wave function of two component plasma(PL)
in two dimension as
Ψm1,m2,n = φ
L
m1
φLm2 φ
inter
n exp

− ∑
k=1,2
Nk∑
i=1
| z(k)i |2
4


where up-spin electron and down-spin electron Laugh-
line wave functions are
φLm1 =
N1∏
i<j
(z
(1)
i − z(1)j )m1 & φLm2 =
N2∏
i<j
(z
(2)
i − z(2)j )m2
φintern =
N1∏
i=1
N2∏
j=1
(z
(1)
i − z(2)j )n
Halperin’s wave function (m1,m2, n) for the
SU(2) case is described by the exponent matrix [26]
M =
[
m1 n
n m2
]
here all the exponents are positive integer numbers.
With the help of the symmetric K × K exponent
matrix Mk ≡ (nij) , where nij = nji and njj = mj
, one may thus calculate the component filling fac-
tor in a concise manner, as stated by Goerbig and
Regnault[27]
ν =M−1I; (8)
I is column matrix of order 2 with elements identity.[
ν1
ν2
]
=M−1
[
1
1
]
Then we have,
ν1 =
m2 − n
m1m2 − n2 ; ν2 =
m1 − n
m1m2 − n2 (9)
νT = ν1 + ν2 =
m1 +m2 − 2n
m1m2 − n2 (10)
Positive densities (filling factors) are found only for
m1 ≥ n and m2 ≥ n
Then polarization is given by,
γ =
ν1 − ν2
ν1 + ν2
=
m2 −m1
m1 +m2 − 2n (11)
The state (m, m, n) i.e. m1 = m2 = m ;
ν1 = ν2 =
1
m+ n
; νT =
2
m+ n
(12)
gives only γ = 0
PAIR CORRELATION FUNCTION
An important quantity for a liquid is its pair distri-
bution function g(r). The liquid phase is defined by
the property that, g(r) approaches a constant at large
r. The pair distribution function g(r) is the probabil-
ity of finding two particles at a distance r (r = |~r1−~r2|)
gαα(r) =
N(N − 1)
ρ
∫
d2r3d
2r4 · · · d2rN (13)
| Ψ(r1, r2, · · · , rN ) |2
Ψ is the many body wave function, gαα denotes
probability of finding two particles at a distance r in
the same spin segment α, (~r1 and ~r2 are in the spin
segment α).
The pair correlation function of a FQHE state can
be obtained with the help of the ground state wave
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FIG. 2: (Color online) Estimation of ground state energy per
particles. We have calculated the ground state energy for
finite number of particles, to get the thermodynamic limit
we have taken the extrapolation of energy in the 1/N →
0 limit, N is the number of particles. Energy has been
expressed in natural unit e2/ǫl, ǫ is the dielectric constant
of the background material. Result of CF theory have been
shown to compare the results of our calculation. Error of the
Monte Carlo integration is less than the symbol size. The
states PL(m1,m2, n) and CS(k1, k2, n)n↑ : n↓ are shown
close to the data points, which are also listed in the following
table.
function, where multidimensional integrals are evalu-
ated numerically by Monte Carlo methods. The sys-
tems are sufficiently large that the results are essen-
tially independent of particle numbers, and can be con-
sidered to represent the thermodynamic limit. Gener-
ally, g(r) becomes constant for large r, confirming that
the wave functions describe a liquid. For a crystal with
long-range order, the pair correlation function would
oscillate all the way to infinity. At very low filling frac-
tion of a LL, fractional quantum Hall state (FQHS) is
destroyed and formWigner crystal state[28–30], either
in bubble form or in strip form.
RESULTS & DISCUSSION
Partially polarized (γ = 1/2) state of 2/5 filling frac-
tion has been studied using CF-CS theory as well as
plasma picture. Both the calculation give the same
energy, but the energy of the state is higher than the
fully polarized state, which is unexpected. The pair
correlation function calculation shows that the system
is not an ideal liquid state, up-spin electrons behave as
liquid state whereas, down-spin electrons behave more
like crystalline state. So we predict that, the partially
polarized state of 2/5 consists of two phases of up-
electron liquid phase and down-electron solid phase.
Our prediction slightly differs from Murthy’s predic-
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FIG. 3: (Color online) Pair correlation function g(r) of dif-
ferent polarized state for ν = 2/5, 4/9. N=100 and more
number of electrons has been used to compute g(r), for CS
and CF wave function.
TABLE I: Ground state energy per particles of different
states
CF-CS calculation
ν γ n↑ n↓ k1 k2 n Eg(CS)
2/5 0 1 1 1 1 2 -0.438266
2/5 1/2 1 1 1 3 1 -0.42326
2/5 1 2 0 1 - - -0.432597
4/9 0 2 2 1 1 2 -0.45259
4/9 1/4 1 3 1 2 1 -0.43975
4/9 1/2 3 1 1 1 2 -0.45158
4/9 1 4 0 1 - - -0.447535
CF and PL calculation
ν γ ν1 ν2 m1 m2 n Eg(PL) Eg(CF )
2/5 0 1/5 1/5 3 3 2 -0.438266 -0.438266
2/5 1/2 3/10 1/10 3 7 1 -0.42332 -
2/3 0 1/3 1/3 2 2 1 -0.52879 -0.52929
2/3 1/2 1/2 1/6 2 6 0 -0.49438 -
2/3 1 2 0 - - - - -0.51906
3/5 1/3 2/5 1/5 2 3 1 -0.50588 -0.5052
3/5 2/3 1/2 1/10 2 10 0 -0.46534 -
3/5 1 3 0 - - - - -0.49668
tion. Murthy proposed that the partially polarized 2/5
state is a Hofstadter’s butterfly charge density wave
state with partially filled Λ levels form a CF-crystal.
Beside 2/5 filling fraction CF-CS theory fit with
γ = 1/4 polarized state of 4/9 filling fraction. In this
case the energy again becomes higher than the fully
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FIG. 4: (Color online) Pair correlation function g(r) of dif-
ferent polarized state for ν = 2/3, 3/5 at large number of
electrons is computed using parallel program (MPI) for CF
and PL wave function. It is not possible to perform Monte
Carlo calculation for large number of particles for 2/3 and
3/5 filling fraction in the CF picture due to complicated
projected wave function on the lowest LL, that is why we
have shown results for small number of electrons( upto 14
electrons for 2/3 filling fraction, and 21 electrons for 3/5
filling fraction) in the lowest panel.
polarized state. The pair correlation function calcula-
tion shows that the state consists of up-electron liquid
state and down-electron crystalline state. In addition
of CF-CS theory we have investigated the Halperin’s
states in which up-spin and down-spin LL are partially
filled. In our study we have seen a very interesting re-
sult that both the CF theory and PL give the exactly
same energy of the state γ = 1/3 at ν = 3/5 filling
fraction, though the two formalism are different. The
state γ = 2/3 at ν = 3/5 and γ = 1/2 at ν = 2/3 fit
with PL with parameter (2,10,0) and (2,6,0) respec-
tively. Both the states have higher energy than that
of fully polarized states. Pair correlation calculation
shows that both the states are consist of liquid state
of spin-up electrons and crystalline state of spin-down
electrons, similar to the CF-CS study of ν = 2/5 and
ν = 4/9. The partially polarized states out of Jain’s
main sequence, have higher energy than the fully po-
larized states, apparently contradicts the experimen-
tally observed states. We believe that the electrons
in the liquid states take part in the inelastic Raman
scattering experiment, may be the contribution to the
energy of the electrons in solid state is much more than
liquid state, that’s why the average energy per parti-
cle is higher than that of fully polarized state. So we
predict that the observed polarized states with small
plateau in the polarized diagram[15] must be consisted
of the liquid phase of up-spin electrons and crystalline
phase of down-spin electrons.
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